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With unity, ifon s ng \D\ﬁ, we have



Table 4.2.3: Values of the constants and eigenvalues for natural vibration of
laminated composite beams with various boundary conditions (A} =
wfllg/E’;IIyy = (en/a)?). The classical laminate theory without
rotary inertia is used.

End conditions at Constants’ Characteristic equation
r=0andz=a and values of e, = A,a
¢ Hinged-Hinged c1#0, co=c3=c4=0 sine, =0
?F:%; €n =TT
e Fixed-Fixed ¢1 = —c3 = 1/(sine, —sinhe,) cosen coshe, —1=0
a_zy —cp =c4 = 1/(cose, — coshey,) e, =4.730,7.853,---
“
o Fixed-Free ¢; = —c3 = 1/(siney +sinhey) cosen coshe, +1=0
%= —cg = ¢4 = 1/(cosen + coshe,) en = 1.875,4.6%4, - -
o Free-Free ¢; =c3 =1/(sine, —sinhe,) cosep coshep, —1 =0
—_— ¢y =c4 = —1/(cose, — coshey) e, = 4.730,7.853, - - -
¢ Hinged-Fixed ¢y =1/sinen, c3 =1/sinhe, tane, = tanhe,
”Fp ca=cs=0 en = 3.927,7.069, - - -
'
¢ Hinged-Free ¢y =1/sinen, c3 = —1/sinhe, tane, = tanhe,

»F co=c4 =0 e, = 3.927,7.069, - --

t See Eq. (4.2.46a): W (z) = ¢y sin Az + ¢5 cos Az + c3 sinh pux + ¢4 cosh pzx.




Table 4.2.4: Maximum transverse deflections, critical buckling loads, and
fundamental frequencies of laminated beams according to the ]
classical beam theory (Ei/Ey = 25, Gia = Gi3 = 0.5E5, Ga3 = Sﬁ\fmﬁ NWMEr) Caﬁ
0.2E2, Vig = 025)

exormples
Hinged-Hinged Clamped-Clamped Clamped-Free
Laminate o N @ D N w w N @
0 1.000 20.562 14.246 0.250 82.247 32.292  16.000 5.140 5.074
0.625 14.245  0.125 32.291 6.000 5.074
14.187 32.129 5.071
90 25.000 0.822 2.849  6.250 3.290 6.458 400.00 0.205 1.015
15.625 3.125 150.00
(0/90)5 1.134 18.127 13.375 0.283 72.507 30.320 18.149 4.532 4.764
0.709 0.142 6.806
(90/0)5 6.239 3.296 5.703 1.560 13.183 12.929 99.821 0.824 2.032
3.899 0.780 37.433
(45/ — 45), 14.308 1437 3.766  3.577 5.748  8.537 228.93 0.359  1.341
8.942 1.788 85.847
Laminate A 1.607 12.790 11.236 0.402 51.162 25.469  25.721 3.197  4.002
1.005 0.201 9.645
Laminate B 2.801 7.341 8512 0.700 29.366 19.296  44.813 1.835  3.032
1.751 0.350 16.805
Laminate C' 7.945  2.588  5.054 1.986 10.351 11.456 127.13 0.647  1.800
4.966 0.993 47.673

Laminate A = (0/+45/90)s, Laminate B = (45/0/-45/90);, Laminate C = (90/445/0)s.
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The pure berw{fn] deflectian wobm) iS the same as that derjved
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And transverse Shear Stveses ove the same as (#2-19)
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It is interesting to note from Eq. (%) that the rotation function ¢,(x) is the same as the
slope —dwg/dx from the Euler-Bernoulli beam theory (i.e., ¢, is independent of transverse shear
stiffness). Consequently, the bending moment ~and therefore the axial stress, is
independent of shear deformation. In fact, ¢, is independent of shear deformation for all statically
determinate beams and indeterminate beams with symmetric boundary conditions and loading (see
Wang [27]). However, for general statically indeterminate beams, the rotation ¢, will depend on
the shear stiffness KG%,bh (see Problem 4.11).

S‘u\os{—itutinj 1[0)’ #, into EZ. (7.83-9b) we obtain
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